The neutral Fokker-Planck equation in angular space (Eqn.3 in the main text) has a representation as an Ito stochastic differential equation
where η(t) = 0 and η(t)η(t ) = δ(t − t )/N . To calculate an approximate solution of the TPDF, we make a Taylor expansion of the force about the fixed point θ = π/2 to linear order to give a linear stochastic differential equation,
As we will see this approximation works well even for initial frequencies of order 10% (x(0) = 0.1), due to the non-linearity of the angular transformation, which has the property of compressing the central range in x−space about x = 1/2 to a smaller central region in θ− space about θ = π/2 (as seen in Fig.1 of the main text, where the top axis are various values of x, where for example, x = 0.1 → θ = 0.64 and x = 0.9 → θ = 2.5). Equivalently, this is an harmonic approximation of the effective potential function in θ−space, whereθ = ∂ θ U (θ) + η(t) and U (θ) = 1 2N ln sin θ. As the resulting SDE is linear the solution is straightforwardly computed as
where θ 0 = θ(0). As the solution is a sum of Gaussian random variables η the TPDF for θ will be Gaussian with mean,
since η(t) = 0 and variance,
where the van Kampen notation has been used, θ 2 = θ 2 − θ 2 . Note that the variance diverges for t N and the mean divergences for t 2N , to −∞ when θ 0 < π/2 and to +∞ for θ 0 > π/2 and is fixed for all time at θ = π/2, if θ 0 = π/2 the fixed point of the effective drift dynamics. The TPDF function in θ−space is then
Note the similarity of form to the TPDF of an overdamped harmonic oscillator, but with the difference that, as discussed, here the mean and variance diverge 3 . This solution does not obey the boundary conditions at θ = 0 and θ = π, which are required to be absorbing and specifically to go linearly to zero at these points; this is in order for the solution in x−space to be finite at the boundaries, as required due to the singularity of the diffusion constant at x = 0 and x = 1 4 . The method of images cannot be used in this case as the required image has it's forces reversed and so does not obey the original Fokker-Planck equation. Transforming back to x−space, we have,
where the Jacobian is The results are plotted in Fig.1 , at various times and initial conditions, as solid lines and compared against numerical integration of the exact neutral Wright-Fisher stochastic differential equation (Eqn.1). We see that, in general, the approximation works very well for short times t N and when the initial frequency x 0 is not too small. More precisely we would expect the approximation to be good for sufficiently short times compared to the average time to fixation, which is t , so the results here are applicable to neutral drift dynamics including two-way equal mutation; it is clear that when 4N µ > 1 the solutions will be exactly that of an overdamped harmonic oscillator in θ-space. (1 + ln (N s)), which is approximately the expected time to fixation of a mutant which survives drift and then is driven to fixation by selection 5 . Note that the times for which the TPDF is examined is 10 times smaller than in the previous sections, ranging from t = τ /500 to t = τ /10.
and 4N µ = 10, (solid lines) and numerical integration of stochastic differential equation that arises from diffusion approximation (solid circles), for small initial frequencies as shown on left of each plot and strength of selection varied, as shown on the top.
In dashed lines are plotted the heuristic approximation but using the full form of the convective force (Eqn.5 in the main text);
we see that the full form gives a more accurate approximation than the polynomial approximation of the convective force and so in general would be more preferable when the mutation rate is strong (4N µ 1) -however, in a maximum likelihood application in order to keep the solution nestable over all parameters and for potentially infrequent sampling, the polynomial approximation is seen to give a good representation of the true TPDF. Times for each plot are fractions of τ = 1 s
(1 + ln (N s)),
which is approximately the expected time to fixation of a mutant which survives drift and then is driven to fixation by selection 5 .
Note that the times for which the TPDF is examined is 10 times smaller than in the previous sections, ranging from t = τ /500
to t = τ /10.
